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ABSTRACT

Relying on the statistical theory of the human
threshold colour vision, the authors have developed
the method how to determine the colour-match-
ing functions of the physiological colorimetric
system (KZS),ys!. To implement the developed
method, the authors have created the experimental
research installation that allows them to determine
the threshold characteristics of the visual system
during the observation of monochromatic objects
against coloured backgrounds. The authors have
studied the inaccuracies of the experimental instal-
lation and of the algorithm for solving a system of
nonlinear equations that allows them to determine
the colour-matching functions of the physiological
colorimetric system according to the results of the
experiment.

Keywords: color-matching functions (CMF),
dichromats, trichromats, statistic theory, threshold
characteristics of vision, object detection, experi-
mental research installation

1. INTRODUCTION AND FORMULATION
OF A PROBLEM

The spectral sensitivities of the long-wave-
length-sensitive (L-), middle-wavelength-sensitive
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(M-) and short-wavelength-sensitive (S-) wave-
length-sensitive cone types may be used both for
conventional calculations of tristimulus values in
the physiological colorimetric system and for con-
sideration of colour adaptation when calculating
colour rendering index of a light source. There-
fore, any inaccuracy in their definition leads to er-
rors in colour calculations. The conventional meth-
od of determination of these sensitivities is based
on experiments on radiation chromaticity match-
ing by dichromats. The methodology of such stud-
ies and the results of experiments with use of di-
chromats were published by Nyberg and Yustova
in 1948 [1]. In 2006, the TC [-36 technical com-
mittee of CIE published the report [2] (CIE2006
Physological Observer, hereinafter referred to as
CIEPO06) on selection of a set of colour-match-
ing functions (CMF) and evaluations of cone fun-
damentals (by which the authors mean spectral re-
sponsivity functions of eye receptors measured in
a cornea plane) for an observer with normal colour
vision.

The CIEPO06 model is primarily based on the
works by A. Stockman and B. Sharpe [3, 4]. The ex-
perimental studies in [5] were conducted using the
method, leading to isolation of one type of cones
and involving dichromats as spectator instead of
trichromats.

In Russia, there is a concept of a physiological colorimetric system in which the colour-matching functions coincide with

the spectral sensitivities of the L-cones, M-cones and S-cones. The colorimetric notation (KZS),;,,, is composed of capital letters of

receptor types in Russian (krasnyy, zelenyy, siniy).
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Fig. 1. The col-
our-matching
functions of the
physiological colori-
metric system accord-
ing to E.N. Yustova
[1] and the spectral
sensitivities of the
L-cones, M-cones and
S-cones A. Stockman
[6] when dichromates
is used as observers
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S_Yustova
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In 2019, Stockman [6] published the CMF-to-
XYZ transfer matrix. Fig. 1 shows the colour-match-
ing systems per unit in accordance with C/IEPO06
obtained using dichromats selected based on a DNA
test and as per Yustova who used ordinary dichro-
mats. It is seen that the curves obtained using differ-
ent methods with different sets of spectators corre-
spond well with each other, which indicates that the
results are reliable, but it is relevant only in the case
of dichromats.

There are still doubts about the legitimacy of the
approach using dichromate instead of trichromatic
since the human vision system (VS) colour-match-
ing functions are defined not only by spectral sensi-
tivity of cones, which may be identified using DNA
tests. Human luminance and chromaticity percep-
tions appear not at receptor outputs but after their
signals are processed by the brain using an algo-
rithm (yet unknown) which may be completely dif-
ferent in the cases of trichromats who process sig-
nals from three receptors and dichromats who do
not have one of the receptors but still perceive co-
lours. To confirm or to waive the said doubts, it was
necessary:

— To develop the methodology of trichromat’s
colour-matching functions of the physiological col-
orimetric system (KZS),;,, calculation in conditions
of daylight and colour adaptation;

— To design, to assemble, and to adjust an ex-
perimental studies installation and to develop the
software implementing the developed methodology;

— To evaluate the inaccuracy of the experimen-
tal and estimated results of the colour-matching
functions of the physiological colorimetric system
(KZS) s 1(A), m(A) 5(A) calculation obtained us-
ing the created installation.
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2. METHOD OF DEFINITION OF THE
SPECTRAL TRISTIMULUS VALUES

In [7-9], based on the statistical approach to de-
tection and recognition of objects by VS, the ma-
jor problems of creating the mathematical theory
of threshold colour vision are formulated and par-
tially solved. The threshold observation conditions
are being considered because it is the first, the sim-
plest level of the vision problem and its description
allows us to reach good correspondence between
the results of calculations based on statistical mod-
els and the results of experimental studies. It is im-
portant to note that the solutions are possible to be
achieved with an arbitrary permanent decision-mak-
ing algorithm even provided that the algorithm it-
self is unknown. Productivity of such approach is
indicated by poor results of combination of statisti-
cal models with fixed signal processing algorithms
such as ‘maximum a posteriori probability (MAP)’,
‘minimum mean square error (MMSE)’, etc. [10]
with complex conditions over threshold where VS
uses other, yet unknown algorithms.

For low-contrast images in the Weber-Fechner
region, an expression was obtained which defines
probability of detection P4 of an equally lumi-
nous colour object against a uniform colour back-
ground [8]:

B =P(y), )
where
InA,
Sy D(y) = —— fexp S s
y 0= 5

the an integral of probability;
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Ay, 1s the threshold likelihood ratio defining the
decision criterion in a statistic model of an optimal
image detector [7]; in [9], the value In(Ay,)=4.0 was
defined with confidence level of 0.95;
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where AL, (A) =L, (1)— L, (A) is the difference
between spectral distributions of radiance of an ob-
ject and background; L_, (A)is spectral distribution
of an object radiance; L_, (A) is spectral distribu-
tion of background radiance; [ (A), m(A), 5(A) are
the colour-matching functions of the physiological
colorimetric system;

Co, Cyp, Cy» Cy are the constant factors of the
statistical model which do not depend on 4 and do
not depend on luminance in the Weber-Fechner re-
gion. They depend on individual characteristics of
VS (observer) and are defined when normalizing the
statistical model.

1 (), m(A), 5(A) are the indefinite functions
of the mathematical model and it appears impossi-
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Fig. 2. The installation
for the experimental
studies: a — structural
diagram; b — exterior
of the main units; ¢ —
the illuminant of the
object channel; d — the
object forming and
luminance adjusting
unit

b)

ble to obtain them on basis of expressions (1), since
the same probability of detection may be obtained
with different values of these functions. The prob-
lem simplifies significantly by considering thresh-
old detection of monochromatic objects against
any coloured (in particular, white) background. In
this case, since the argument y in the expression
(1) equals to zero, the following expression derives
from it:
2
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is impossible, since:

— To calculate Z:* (1) using (3), three values
are necessary: [ (A), m(A1), 5(A), i.e. the number of
unknown variable in the system of equations (4) is
always twice as many as the number of equations;

— To calculate the integrals which this system
contains, it is necessary to know the required func-
tions [ (1), m(A), 5(A)within the entire visible
spectre region, and they are unknown in the begin-
ning of the calculation.

The solution was found by analysing possible
forms of the functions / (1), #m(A), 5(A). The anal-
ysis of the data presented in [11, 12] has shown that
m(A) is symmetric function with one maximum
whereas / (4) and 5(A) are asymmetrical functions
with one maximum. Preliminary calculations have
shown that the best results (at minimum values of
the unknown factors) are obtained by means of ap-
proximation of m(A) by a quadratic exponent with
unknown positions of the maximum and value of
half-width and approximation of / (1) and (A1) by
a quadratic exponent with unknown maximums and
half-widths different in the short-wave and long-
wave parts of the spectre with respect to the max-
imums. The approximation error of these subjects
with respect to all known dependences / (4), m(A),
s(A) [1, 6,9, 11, 12] does not exceed 1 %, which
is much less than the natural scatter of observer’s
characteristics of (15-25) %. Since, as noted pre-
viously [8], likelihood ratio does not depend on the
maximum values of 7 (4), m(A), 5(A), the sys-
tem of equations (4) will comprise eleven unknown
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Fig. 3. Characteristics
of the elements of the

installation for the
experimental studies:
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transmissivity on the
rotation angle relative
to the axis; ¢ — the ra-
diation spectrum of the
white LED of the
background channel,

d —radiation spectra
of the coloured LEDs
of the object channel
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c) Wavelength, nm
variables (including C;—Cj3), which makes it pos-
sible to solve this system if the number of exper-
imental values of L% (4) is at least equal to 11.
To implement this part of the developed method, the
installation for determination of thresholds of de-
tection of monochromatic objects L (4) against
coloured (including white) backgrounds by a spec-
tator was designed. Analysis of the methods of ob-
tainment of the VS threshold characteristics [11,
12] has shown that the method of minimal changes
1s the least difficult, therefore, it was selected as the
basis of the developed installation.

3. THE INSTALLATION FOR
EXPERIMENTAL STUDIES

3.1. Description of the Installation

The installation is assembled on two optical flats
using standard fasteners and transporters of optical
parts by Cobra Optics, Special Systems, etc. The
installation, Fig. 2, consists of the following com-
ponents: the background radiation forming chan-
nel (/-5); the object image forming channel (8§—
18); the integrating sphere (6) combining radiation
of these two channels and the ocular (7) for observ-
ing the object image on the wall of the integrating
sphere (6).

Radiation in the background channel is emitted
by means of a white LED (/) by Cree with pow-
er of 5 W and correlated colour temperature T,
of 4800 K. Its spectral response characteristics are

oe
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shown in Fig. 3. The radiation of the LED is fo-
cused by the lens YUCON NVMT 50 mm (2) with
relative aperture 1:1.4, passes through the filter unit
(3) and is focused at the input end of the O-S illumi-
nating fibre-optic bundle (4) with diameter of 5 mm
manufactured by the LZOS factory. From its output
end (5) radiation of the background channel is trans-
ferred to the UKU120 photometer sphere (6) by Op-
sira (CZL) with a diameter of 120 mm.

The calculation has shown that the white LED in
the object channel does not provide necessary radi-
ant flow at borders of the visible range of the spec-
trum even at power of 20 W, therefore, 6 coloured
LED’s with power of 5 W by Cree were selected
as sources of radiation. Their radiation spectra are
shown in Fig. 3. The LEDs are placed in two rows
on a vertical board with the displacement mecha-
nism &, which allows setting of the LEDs on the op-
tical axis of the lens 9 with relative aperture 1:1 and
focus distance of 37 mm.

After passing the electro-mechanic shutter, the
image of the LEDs emitting area /0 is built by the
lens 9 at the entrance slit of the double monochro-
mator /1 MSA-130 by TOPAG Lasertechnik GmbH
with diffraction gratings of 600 slits per mm oper-
ating in the dispersion subtraction mode. By means
of the condenser lens /2, the monochromatic radi-
ation illuminates the optical slit /3 SXM-1 by SO-
LAR Laser Systems forming the dimensions of the
observed object (2° at output of the ocular (7)). The
transfer optics /4 illuminates the optical wedge 15
OMMB-NDFC50 by Special Systems, Fig. 3, ad-
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justing gradually luminance of the object. The light-
er and the video camera /6 provide reading of the
scale of the optical wedge. The lens /8 and the ro-
tary mirror /7 build the image of the object on the
wall of the photometry sphere 6. The form of the
image observed through the ocular 7 is shown in
Fig. 3. The vertical orienting markers and the shut-
ter /0 reduce dispersion of the observer’s answers
related to search for the object in the field of view
and in the course of its observation, which reduces
the measurement error.

3.2. Calibration of the Installation

In order to reduce the error of the installation,
relative measurements of all spectral characteris-
tics of its elements were conducted at output of the
installation (behind the ocular (7)) by means of the
monochromator LOMO MDR-206 with 1200 silts
per mm diffraction grating and the detector unit
with a silicon photodiode for the range of (200—
1100) nm (with error of 0.5 nm). The measured
spectral characteristics of the elements of the in-
stallation are presented in Fig. 3. Absolute calibra-
tion of the installation was conducted by means of
a PIN photodiode SD444—12—12—171 calibrated by
VNIIOFI based on absolute current responsivity
within the range of (300—-1100) nm. Stabilised pow-
er supply units Q.J3005C were used for power sup-
ply of the LEDs of the installation and the modes of
their power supply were controlled by digital am-
meter CA3010/3—000 (19) with measurement accu-
racy of 0.1. For monitoring of luminance at output
of the ocular (7), the Konica Minolta LS-110 lumi-
nance meter was used.

Based on calculations and multiple measure-
ments (more than 20 repetitive measurements of
spectral and light characteristics), it was found that
repeatability error of L (A) and L, (A) as well as
of background luminance at output of the ocular 7
of the installation does not exceed 7 %.

3.3. Software and Calculation Inaccuracy

To implement the second part of the method of
1 (A), m(A), 5(A)definition by solving the system
of equations (4), a software was designed for solv-
ing of this system using the least squares method
[13]. Given that the left-hand side of (4) is defined
with inevitable error, it was required to define ac-
ceptable measurement error of L/ (1) in the sys-
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tem (4) and acceptable deviations of the initial as-
sessments of [ (A1), m(A), 5(A) from their true
values providing convergence of the true values of
1 (A), m(A),5(A) obtained by means of the least
squares method. The values obtained in [9] and ap-
proximated by the following functions were used as
the test of 1 (1), m(A), 5(A)values:

A=)

T(A)= f(’l)exp{{( I ﬂ+

m(A) = eXp{{u;—j’”’”)ﬂ,

0,
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where i, Amms 4sm are wavelengths at which the
functions reach their maximums; o, o, g, are the
parameters defining half-width of the functions; fi(4)
and f,(2) are functions equal to one if < 4}, and A<
Asm TESPEcCtively or to zero in the opposite cases.
The effect of the calculation error of L (1)
on the calculation error of the parameters A, A,
Ay and oy, 0, 0, at random scatter of the test eval-
uations / (1), m(A), 5(A) was studied. The scat-
ter of values of L/ (1) and initial evaluations of
At 2emms Asm @a0d 03, 7, 0, corresponded to the nor-
mal law of distribution with different standard de-
viations (SD) with respect to their test values. Then
the system of equations (4) was solved and the cal-
culated (p) of the function of / (1), m(A), 5(1),
were defined using the expressions (5), then the er-
rors in deviation of 4, ., 4sm and o, o, o, with
respect to their test values were calculated as well
as the integral curve difference criterion defined (for

1(A))as:
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where 7.(A)and / (1) are the calculated and the test

functions [ (A); oy = is relative SD of

EL
LS (A
scatter of the test values of L (1).

The functions f'(c,) and f; (o,) for m(A)
and 5(A) are calculated in a similar way.

Fig. 4, (a) presents 20 initial evaluations of / (1),
m(A), 5(A), with scatter of ¢, 7,, g, equal to 30 %
(average 11 nm) and scatter of A, 4,,,, 4, €qual
to 3 % (average 16 nm), and Fig. 4, (b) presents the
graphs of the functions of / (1), m(A), 5(A), ob-
tained using the equations (4) with ; = 0.

Since all the 20 solutions are the same, conver-
gence of the least squares method in this case is at
least 95 %. If an error appears in the input values
of L' (A), the functions (1), i, (A), 5.(A) are
defined inaccurately. Fig. 4, (c) presents 20 graphs
of L' (4) obtained for 6, =7.5 % and Fig. 4, (d)
presents 20 graphs of (1), i, (A), 5.(4) corre-
sponding to these " (4). Fig. 5, (a) presents the
graphs of the integration functions of (6).

The dependences of the errors of definition of
the parameters 4, 4, A ¥ 03, 0, 05 as well as
the integral criteria £, (0,), f(0,), f:(0,) on
SD of scatter of the parameters of initial evalua-
tions and o7, were studied. The results of the corre-
sponding calculations are presented in Fig. 5, (b—d).
They have demonstrated that the errors of definition
of the parameters A;,,, 1, Asn & O} O, O are mo-
notonously related to the integral criteria £, (o, ),

(0,), f..(0,) and, therefore, only the graphs of
the integral error criteria are presented.

m
int

40

equal to 11 nm and
scatter of iy, Amms Asm
equal to 16 nm at 6 =
=0 (a,b)and 7.5 % (c,
d), the test graphs are
shown in black

Wavelength, nm

4. DISCUSSION OF THE RESULTS
4.1. Preliminary Results

The measurement error of L (A1) affects the
definition error of 7 (1), m(A), 5(A), in the most
significant way. This error affects definition of 7 (A)
the least. For i(A) and 5(A), with L"* (4) defi-
nition error of 12 %, the values of f,[(o,) and
Sfo(0,) exceed 7.5 %.

Inaccuracy in setting the initial evaluations o,
o, 0, equal to even 40 % (about 15 nm) and that
of Ajps Ams Asm €qual to 4 % (about 21 nm) does not
lead to reduction of convergence of the least squares
method and inaccuracy of definition of 7 (1), m(A),
5(A). The values of all integral error criteria do not
exceed the round-off error in this case.

To check the applicability of the created meth-
od and the installation, a test experiment involv-
ing three trained observers was conducted and it
demonstrated high sensitivity of the method allow-
ing us to define individual distinctions of their co-
lour-matching functions. Average values of the ap-
proximation parameters as per the expressions (5)
for these three observers are as follows: 4;,, = 601.3
nm, g;=45.25 nm, C,;=1.037; 4,,,, = 542.2 nm, ¢,, =
41.2 nm; A, = 441.9 nm, o, = 25.2 nm, C, = 1.19.
Of course, these results are just preliminary and a
larger number of spectators shall be tested using the
developed method to draw final conclusions. This
will allow us to understand whether it is possible
to align the achieved results with the international
system XYZ.
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4.2. Discussion

Many researchers measured of tristimulus val-
ues in conditions over threshold [12], but the exper-
imental methods and installations for measurements
of colour threshold are described only in the works
by MacAdam and Brown [14, 15]. It turned out that
in the case of the method with changes in chroma-
ticity coordinates (without changing adaptation lu-
minance) below the threshold value used in their
experiments, large scatter of the results for differ-
ent observers appeared, which did not allow defin-
ing any patterns for a set of observers. This was pri-
marily explained by complexity of the method since
5 values should be set and adjusted to obtain one
experimental value: background luminance, lumi-
nance of three reference chromaticity channels and
luminance of the channel of the studied monochro-
matic source of radiation. As a result, acceptable
values were obtained only for one spectator (Per-
ley G. Nutting), they are presented in [14]. Further
experiments with changing background luminance
[15] and other studies also did not allow identifying
any general dependence.

The method suggested in this work is based on
object detection experiments, which provides sig-
nificantly less variation and scatter of results as
compared to the method of equalisation of chro-
maticity or colours. Moreover, the developed meth-
od requires only two measurements in each exper-
imental point (object and background luminance)
instead of five as in the case of the chromaticity
equalisation method, which reduces the error of the
results.

5. CONCLUSIONS

1. Based on the statistical theory of threshold co-
lour vision, the method of definition of spectral sen-
sitivities of the L-cones, M-cones and S-cones of
human vision system (VS) in conditions of natural
colour adaptation was developed.

2. The designed and assembled installation for
studying of VS threshold characteristics allows us
to maintain output parameters of the observed im-
ages in the course of the experiments with error not
exceeding 7 %.

3. The software was developed for solving of the
system of nonlinear equations of the statistical mod-
el of threshold colour vision by means of the least
squares method, the study of which has demon-
strated convergence of the method with significant
(about 15 nm) deviation of the initial evaluations of
the required parameters from their true values.

4. According to the materials presented in [11],
natural scatter of VS characteristics for a set of ob-
servers is equal to (15-25)%. If we set the sum-
marised error of definition of / (1), m(A), 5(A)
equal to 10 %, we can see that the value of gy, ob-
tained experimentally by means of the installation
should not exceed 7 %. This result may be obtained
by increasing the number of multiple measurements
of L (1) since this component of the error de-
creases in inverse proportion to the square root of
this number [13].

5. When solving the system of equations (4) by
means of the least squares method, the results of
calculations shall be checked. If the obtained val-
ues of parameters o), g, o, are different from their
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initial evaluations by more than 15 nm and those of
Aims> 2omms Asm are different from the initial evaluations
by more than 21 nm, it is necessary to conduct an-
other calculations with new initial evaluations.
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